The possibility of using retrocausality to obtain a fundamentally relativistic account of the Bell correlations has gained increasing recognition in recent years. It is not known, however, the extent to which these models can make use of their relativistic properties to account for relativistic effects on entangled systems. We consider here a hypothetical relativistic Bell experiment, where one wing of the experiment is located in a lab on Earth, whereas the other wing is located inside a relativistic rocket, initially grounded adjacent to the lab. The Stern-Gerlach magnets in both the wings are turned on simultaneously as the rocket lifts off into orbit, and turned off when the rocket returns after a certain duration to its original spot. We show that the retrocausal Brans model (Found. Phys, 49(2), 2019) can be easily generalised to analyse this setup, and that it predicts less separation of eigenpackets in the rocket compared to the stationary lab. This causes the particle distribution patterns on the photographic plates to differ between the wings -an experimentally testable prediction of the model. We argue that the description of the experiment and the verification of this prediction using quantum field theory is a challenging task, in contrast to the ease of handling in the retrocausal Brans model. We mention the implications of our hypothetical experiment for hidden variable models in general.
I. INTRODUCTION
While Einstein could not find a satisfactory realist account of quantum theory in his lifetime, he managed to deliver a fatal blow to the complacency surrounding the theory's interpretation by his EPR argument [1, 2] , which gave rise in turn to Bell's theorem [3] . The theorem proves under certain assumptions that any realist interpretation of quantum mechanics must be nonlocal. One key assumption of the theorem is that the hidden variable distribution satisfies the 'measurement-independence' [4] [5] [6] condition ρ(λ|ψ, M ) = ρ(λ|ψ)
where the hidden variables are labelled by λ, the preparation by the quantum state ψ, and the measurement by M . The assumption states that the hidden variable distribution has no correlation with the future measurement settings. This assumption has often gone unnoticed in the vast literature surrounding Bell's theorem, but in the recent past has come under increasing scrutiny. Foremost among the possible implications is violating the assumption to build a realist account of quantum theory which satisfies locality, thereby fulfilling Einstein's dream [7] .
There are atleast two physical mechanisms to violate measurement-independence. The first is superdeterminism, a proposal mentioned by Bell [8] . In a superdeterministic model, the hidden variable distribution and the measurement settings are statistically correlated due to past initial conditions. Bell criticised these models as 'conspiratorial' [9] , and they have since been widely criticised as such in the literature, barring a few exceptions [10, 11] . We give a comprehensive overview of the various arguments related to superdeterministic models, and quantify the notion of the alleged conspiracy, in a forthcoming paper [12] .
The other physical option is retrocausality [13] [14] [15] [16] [17] [18] ; that is, a model where the future measurement setting causally affects the hidden variable state in the past. Highly counter-intuitive to our ordinary sense of time and causality, such models nevertheless provide perhaps our best bet to build a realist description of quantum theory which is fundamentally relativistic. A recent survey [19] has pointed out the infancy of the retrocausal project: only a limited number of quantum phenomena have been explicitly described by such models yet. One possible option to cover more ground is to model relativistic phenomena in entangled systems. Retrocausal models are especially well-suited to this task as they are already relativistic at the hidden variable level. This will also answer a question of utility: can retrocausal models utilise their relativistic properties? In this article, we answer the question in affirmative for a particular scenario involving the relativistic effect of time-dilation on a Bell experiment.
FIG. 1:
Schematic illustration of the experiment. The first wing (E) of the experiment is located in a lab on Earth. The second wing (R) is located inside a relativistic rocket which is initially grounded close to the lab. A Bell experiment is now conducted, where the Stern-Gerlach magnets in both the labs are turned on simultaneously as the rocket lifts off into orbit. The magnetic fields are switched off in both the labs simultaneously when the rocket returns to the same spot. In general, the proper time elapsed in E, say labelled by ∆τe, is more than that elapsed in R, say labelled by ∆τr. How does this affect the experimental outcomes?
We show that the retrocausal Brans model [20] can be easily generalised to describe this scenario, and that it predicts an experimentally testable consequence of the time-dilation effect on the system. We also argue that a description of this experiment in quantum field theory is a much more involved task than in the retrocausal Brans model.
The article is structured as follows. In section II we describe our scenario and point out why non-relativistic quantum mechanics cannot be used to describe it. We briefly recapitulate the retrocausal Brans model in section III. In section IV, we generalise this model and apply it to the present scenario. We show that the model predicts a particular difference in the position distributions between the wings. Lastly, in section V we provide a general discussion, including the challenges in verifying this prediction using quantum field theory.
II. A RELATIVISTIC BELL EXPERIMENT
Consider a Bell experiment where the first wing is located in a lab on Earth, whereas the second wing is loaded onto a rocket which can move at relativistic speeds. Both the wings are equipped with Stern-Gerlach magnets to perform local spin measurements on their respective particles. The rocket is initially grounded on Earth adjacent to the lab. Suppose the spin measurements are started (that is, the Stern Gerlach magnetic fields are turned on) on both the lab and the rocket simultaneously at the instant the rocket lifts off into orbit. Let the rocket return to the same spot after a certain time, at which instant the magnetic fields are turned off in both the lab and the rocket. The question is: will there be any difference in the experimental results between the wings? We assume that all experimental parameters are such that the notion of a particle can still be approximately maintained in the relativistic domain. In other words, that relativistic phenomena like particle creation, Unruh effect, spin-flip transitions, Wigner rotation of spin, radiation due to acceleration of charged particles etc., do not significantly affect the system. In particular, the acceleration of the rocket is assumed to be sufficiently gentle.
Let us attempt to describe the experiment using non-relativistic quantum mechanics. Say the spin measurementσ r is conducted inside the rocket, and thatσ e 1 is conducted in the lab on Earth. Consider a von-Neumann measurement, where the interaction Hamiltonian 2 is of the formĤ I = gp ⊗σ z . Here g is a constant proportional to the strength of interaction. The total Hamiltonian of the system in non-relativistic quantum mechanics will then bê
1σ r ≡σ ·r andσe ≡σ ·ê 2 One may also consider the Stern-Gerlach interaction HamiltonianĤ I = µ(Bo + B 1ẑ )σz . Since this does not lead to any additional physical insight, but makes the calculations longer, we stick to the von-Neumann interaction Hamiltonian. See section V for more details.
However, we know that this form of the Hamiltonian is an approximation valid only when the momenta p e and p r are very small compared to mc, where c is the speed of light in vacuum. This is not possible in any single frame of reference in which we choose to compute the total Hamiltonian. But we are restricted to a single frame as the total system is described by a joint quantum state. Therefore, non-relativistic quantum mechanics cannot be applied to this experiment. However, we will see that the retrocausal Brans model, which gives a local and separable explanation of the Bell correlations in the non-relativistic limit, can be easily generalised to describe this experiment. In the next section, we briefly recapitulate this model.
III. THE RETROCAUSAL BRANS MODEL
The model begins by positing that the information about the future measurement settings, say labelled byσ r and σ e , is made available to the particles at the preparation source in the past, by an as yet not understood 'retrocausal mechanism'. This causes the particles to be prepared in one of the eigenstates of the future measurement settings. That is, the pairs of particles are prepared in one of these joint spin states: |+ r ⊗ |+ e , |+ r ⊗ |− e , |− r ⊗ |+ e , |− r ⊗ |− e , where |i r(e) is an eigenstate ofσ r(e) , i ∈ {+, −}.
Each particle is described in the model by an ontic quantum state of the form χ( x, t)|i , where χ( x, t) is a single particle 3-space wavepacket and |i is an eigenstate of the future measurement setting. The pair of particles is described by the initial joint ontic quantum state x r | x e |ψ o (0) = χ r ( x r , 0)|i 1 r ⊗ χ e ( x e , 0)|i 2 e . We term the preparation-determined quantum state x r | x e |ψ e (0) = χ r ( x r , 0)χ e ( x e , 0)|ψ singlet as the epistemic quantum state. Both the joint ontic quantum state with two single particle 3-space wavepackets χ r ( x r , t) and χ e ( x e , t) and the epistemic quantum state with a single configuration space wavepacket χ re ( x r , x e , t) in general evolve via the Schrodinger equation in the model.
The model next posits that each particle has a definite position at all times, with velocity given by
where χ( x, t) = R( x, t)e iS( x,t) is the 3-space wavepacket of that particle, contained in the ontic quantum state. The trajectory of the particle (and hence the measurement outcome) is thus determined locally by the single-particle ontic quantum state. This completes description of the ontology of the model.
For an ensemble of particles, we assume that the expansion of the preparation-determined (epistemic) quantum state in the future measurement basis
determines the ensemble-proportions |c ++ | 2 , |c +− | 2 , |c −+ | 2 , |c −− | 2 of the initial joint ontic quantum states χ r ( x r , 0)|+ r ⊗χ e ( x e , 0)|+ e , χ r ( x r , 0)|+ r ⊗χ e ( x e , 0)|− e , χ r ( x r , 0)|− r ⊗χ e ( x e , 0)|+ e , χ r ( x r , 0)|− r ⊗χ e ( x e , 0)|− e respectively. It can be shown that these proportions remain constant in time [20] . Secondly, we assume that the distribution of positions over the ensemble is given by
where ρ i1i2 ( x r , x e , 0) = |χ r ( x r , 0)| 2 |χ e ( x e , 0)| 2 and ρ i1i2 ( x r , x e , t) is determined by the continuity equation implied by the time evolution of the joint ontic quantum state χ r ( x r , 0)|i 1 r ⊗ χ e ( x e , 0)|i 2 e via the Schrodinger equation. Given these assumptions, the model correctly reproduces the Bell correlations [20] . In the next section, we apply this model to the relativistic case considered in this paper by an appropriate generalisation.
IV. DESCRIPTION OF THE EXPERIMENT IN THE MODEL
A. Generalisation of the model to the relativistic case
The key features of the model which allow for a relativistic generalisation are separability and locality. Each particle has a separate hidden variable of the form ( x(t), χ( x, t)|i ). The position x(t) evolves locally via equation (3). The joint ontic quantum state of both the particles χ r ( x r , t)|i 1 r ⊗ χ e ( x e , t)|i 2 e evolves via the Schrodinger equation. Since the non-relativistic Hamiltonian equation (2) is separable, the individual ontic quantum states evolve locally.
It has been assumed that the time parameter t is common to both the particles. However, this is an approximation valid only at the non-relativistic limit. In the relativistic case, we replace the common time parameter t by the proper times at the wings. That is, the hidden variable state of the particle in the rocket will be ( x(τ r ), χ( x, τ r )|i 1 r ), and that of the particle in the Earth lab will be ( x(τ e ), χ( x, τ e )|i 2 e ). Since the time parameters are different in both the wings, it is clear that the total non-relativistic Hamiltonian, given by eqn. (2), cannot be used to evolve the joint ontic quantum state of the particles χ( x r , τ r )|i 1 r ⊗ χ( x e , τ e )|i 2 e . However, we note that the total Hamiltonian is separable, and is of the form (p 2 2m ⊗Î + gp ⊗σ) at each wing. This form of the local Hamiltonian at each wing is applicable even in the relativistic case since the relative speed of the particle with respect to the Stern-Gerlach apparatus remains small at each wing (though the speed of the other particle is large with respect to that wing). Therefore, it is natural to posit that the ontic quantum state of each particle evolves via the local Hamiltonian describing that particular wing. That is,
⊗Î + gp r ⊗σ r χ r ( x r , τ r )|i 1 r = i ∂χ r ( x r , τ r )|i 1 r ∂τ r
p 2 e 2m ⊗Î + gp e ⊗σ e χ e ( x e , τ e )|i 2 e = i ∂χ e ( x e , τ e )|i 2 e ∂τ e
Similarly, we modify the guidance equation (3) to
where χ( x, τ ) = R( x, τ )e iS( x,τ ) is the 3-space wavepacket of the particle, contained in the ontic quantum state 3 .
We continue to assume that the ensemble proportions of the joint ontic quantum states is given by decomposition of the initial prepared quantum state in the future measurement basis. That is, equation (4) continues to determine the ensemble proportions of χ r ( x r , 0)|i 1 r ⊗ χ e ( x e , 0)|i 2 e corresponding to different values of i 1 and i 2 . However, the prepared quantum state cannot be further evolved in time as there is no common t variable in the model anymore. 3 Strictly speaking, equations (6) and (7) imply continuity equations of the form Therefore, unlike the non-relativistic case, we assume by fiat that these proportions are constant in time. We further assume, analogous to the non-relativistic case, that the initial position distribution for an ensemble of particles on the rocket (Earth lab) is given by |χ r ( x r , 0)| 2 |χ e ( x e , 0)| 2 . This distribution evolves via the continuity equation implied by the Schrodinger evolution of the ontic quantum state via equation (6) (7) . The model can now be applied to the experiment.
B. Description of the experiment
The starting point of our investigation is the pair of equations (6) and (7). Let the constant g, which determines the strength of interaction at both the wings, be large enough such that the kinetic energy term p 2 2m is negligible in comparison. In that case, the equations reduce to gp r ⊗σ r χ r ( x r , τ r )|i 1 r = i ∂χ r ( x r , τ r )|i 1 r ∂τ r (9) gp e ⊗σ e χ e ( x e , τ e )|i 2 e = i ∂χ e ( x e , τ e )|i 2 e ∂τ e (10)
These equations can be solved to give
Thus, similar to the non-relativistic case, the wavepackets separate in physical space depending upon the ontic spin states. The only difference is that the rate of separation is different at both the wings, as it depends on the proper time elapsed. Since the proper time elapsed on the rocket is lesser than that on the Earth lab, the separation of the wavepackets will be lesser on the rocket. This will reflect as difference in the particle distribution patterns on the photographic plates between the wings (see Fig. 2 ). In the extreme case that the wavepackets on the rocket do not sufficiently separate and overlap each other, the measurement will have failed to be of sufficient resolution on the rocket. In all other cases, the Bell correlations are reproduced by the model since the ontic quantum states are distributed according to equation (4).
V. DISCUSSION
We considered a relativistic Bell scenario where one of the wings experiences time-dilation. We generalised the retrocausal Brans model to describe this scenario and found that it predicted a difference in the position distributions between the wings. The article highlights, firstly, the ease with which the (non-relativistic) retrocausal Brans model could be generalised to describe a relativistic Bell experiment. This is, primarily, a straightforward consequence of the model being separable and local, which suggests that retrocausal models may have an advantage over nonlocal models in scenarios involving relativistic effects on quantum systems. However, it would be erroneous to conclude from this that nonlocal models cannot describe this experiment. The article also highlights the importance of describing the time-evolution of hidden variables in a model. There exist several retrocausal models which reproduce the Bell correlations locally (for a recent survey of different retrocausal models, see ref. [19] ), but which cannot reproduce the prediction made here as they don't give a temporal description of the measurement process.
An analysis of the experiment in the standard quantum formalism requires the application of quantum field theory. This is needed to theoretically verify the prediction made by the retrocausal Brans model. However, there are several challenges in using quantum field theory to describe our setup. Firstly, the primary ontological objects in the theory are fields [21] . Creation and annihilation operators in the theory are concerned with field excitations, and only heuristically interpreted in terms of particles. However, a clear notion of localised particles is required in order to ascribe different proper times to the wings in our scenario. Second, the theory is predominantly used to calculate amplitudes for transitions from an initial state defined at t → −∞ to different final states defined at t → +∞. On the other hand, the central issue here is not probabilities for various outcomes but the time-evolution of the measurement process. Obtaining the time-dependent description of an interaction between two fields is technically difficult in the theory because the interaction Hamiltonian is time-dependent [21] . Third, the theory allows for the creation and annihilation of particles, so particle number is not conserved in general [21] . Fourth, violent acceleration of measurement apparatuses can lead to false detection of particles due to the Unruh effect [22, 23] . In addition, the spin operator is not uniquely defined in the relativistic context [24] [25] [26] [27] . However, this is not a real problem for our setup since the relative velocity of the particle with respect to the Stern-Gerlach apparatus is small at both wings. These challenges have been addressed, mainly in the context of relativistic quantum information theory, to varying degrees. Several authors [28] [29] [30] [31] [32] have described the EPR and Bell correlations in relativistic settings using quantum field theory, but the time-evolution of the spin measurements, which is the issue at stake here, has not been addressed. The authors of ref. [27] propose a general formalism to describe localised massive fermions in curved space-time, which they use in ref. [33] to give a detailed description of relativistic Stern-Gerlach measurements on a single fermion. However, this description of the measurement process is not extended to the case of entangled fermions. It is also unclear if their proposed formalism reproduces the Bell correlations correctly in the first place, and if it does, whether any form of nonlocality or retrocausality is involved. Lastly, it is not known if their proposal is the correct approximation of quantum field theory to such scenarios; other proposals may give different predictions. For example, the treatment of multi-particle states in this formalism is equivalent to standard quantum field theory only when the quantum state can be evolved with respect to arbitrary foliations of spacetime. There are, however, several arguments in favour of introducing a preferred foliation [34] [35] [36] . In summary, it is not clear at present if the prediction made by the retrocausal Brans model is reproduced by quantum field theory. If it is, then the retrocausal Brans model can be said to reproduce a prediction of quantum field theory with great simplicity. Whether such a simplification can be achieved for other relativistic scenarios as well using more general retrocausal models would then be an open question for the future. If the prediction is not reproduced, then one can experimentally test the retrocausal Brans model (and other local separable hidden variable models which reproduce this prediction) by an experimental realisation of our setup.
It might be objected that the proposed scenario is valid only in the regime of small accelerations of the rocket. However, one can remove the play of acceleration altogether in the scenario by considering a cylindrical space-time (see Fig. 3 ). It might also be pointed out that we considered a von-Neumann measurement, which consists of an impulse-like interaction (lasting for a very short period of time) between the quantum system and the measuring apparatus. On the other hand, we assumed that this interaction lasts for the whole duration of the rocket trip, which is inconsistent with the assumption of an impulsive measurement. We have used the simplicity of von-Neumann measurement to bring out the central argument of the article without going into unnecessary complications. A more realistic version of the experiment, which is consistent with impulsive measurements, can be considered by using the Stern-Gerlach Hamiltonian, which is of the formĤ I = µ(B o + B 1ẑ )σ z . For this Hamiltonian, the wavepackets begin separating after the magnetic field is turned off. Thus, one can modify the experiment such that the magnetic fields are turned on, for a very short duration, in both the wings while the rocket is grounded on Earth. Further, let the distance between the particle source and the photographic plate in both the wings be arranged such that the particles impact the photographic plates when the rocket completes the trip 4 . After the magnetic fields are turned off, the rocket lifts off as usual. The spread of wavepackets (and the longitudinal distance travelled by the particle) will be less on the rocket during the trip due to the time-dilation effect, which will result in different position distributions on the photographic plates as before.
